Abstract
and machine learning. Many feature selection approaches have been used to select genes. Traditional gene selection approaches rank genes based on some classic criteria, including t-test [7] , non-parametric statics [8] , P-value [9] , information gain [10] , etc. They can find the excellent genes and select the top ranked ones for discriminating the target diseases. Recently, many effective approaches utilizing the filter evaluation framework have been studied by researchers [11] [12] [13] [14] [15] .
The ROC curve which is strongly related with nonparametric hypothesis testing has shown special attractiveness. As a non-parametric measure, ROC curve has exhibited favorable evaluation characteristics on the imbalanced and cost-sensitive data classification problems [16] . This superiority is obtained mainly because ROC curve compares classifiers' performance through the entire range of class distributions and error costs. The ROC curve and AUC (area under the ROC curve) have been widely used to determine the classification accuracy in supervised learning [17] . Through analyzing a twodimensional graph, it is hard to compare two ROC curves directly. AUC, which is denoted as a quantitative measurement, provides a good summary for examining the ROC curves [18] . As a scalar measure, AUC has been widely exploited to evaluate the relevance between features and target class in feature selection approaches, especially for the microarray data sets [16, [19] [20] [21] .
Since ROC curve and AUC are effective in selecting discriminative features that make less recognition errors, dozens of feature selection approaches are proposed based on the two metrics. The Feature Assessment by Sliding Thresholds (FAST) approach [16] and the statistical gene ranking approach [20] use the technique of ROC analysis to measure the relevance of features with the target class. They evaluate features by calculating the AUCs of the single feature classifiers and then sort them in a descending order according to their AUC values. The top-ranked features are selected into the feature subset. However, a significant flaw is that the selected features may highly correlate with each other, which are sometimes too redundant to be fed into a classifier. The AUC and Rank Correlation coefficient Optimization (ARCO) approach [19] and the Feature selection based-on ROCcurves (FROC) approach [21] are both ROC-based feature selection approaches, which consider the redundancy analysis that cannot be solved in FAST. In ARCO, the redundancy between features is measured by the Spearman's Rank Correlation Coefficient (RCC). Features with maximum AUC and minimum RCC are selected into the feature subset. However, RCC determines all instances' ranks on two features without differentiating whether or not the instances are misclassified by the single feature classifiers. This leads to an inevitable problem, that is, redundant features may also have small RCCs due to the instances which can be correctly classified by the single feature classifiers. In FROC, features are ranked according to the area between the ROC curve and the diagonal line (ARD) which is equal to AUC − 0.5, and then the redundant features are eliminated using the Markov blanket analysis. Note that the redundancy between a pair of features is measured and reduced in terms of the area between the ROC curves (ABR) by FROC. For each feature in the candidate subset, FROC computes its ABR with other features, and the feature with minimal ABR will be removed. This approach can find pairwise redundant features from the candidate subset, yet which one should be removed still remains a difficult problem.
The aforementioned approaches mainly focus on alleviating the redundant information of features, but ignore the global classification performance of the combination of the irredundant features. The ROC curve of one feature may go above or under the curve of another feature, which may convey that this one is more or less discriminative than the other one. When the two curves cross, two features show to be complementary to each other in classification. When analyzing two features as given one feature as selected, we are only interested in whether another one is complementary in classifying the instances that the selected one cannot classify. In this case, the ABR measure in FROC turns to be inapplicable. This leads to the notion of feature complementarity, which is in some sense closely related to feature redundancy. From the classification perspective, complementarity evaluates whether a combination of features can return more joint information about the target class rather than the information carried by each feature individually [22] . Intuitively, instead of examining the relevance between features for determining whether or not one is redundant with another, feature complementary is more direct and applicable in ascertaining the global classification abilities of the selected features. It is a promising way to improve the recognition performance of the ROC-based approaches by evaluating feature complementarity for classification. In view of the above analysis, we propose a new feature selection approach based on the ROC analysis for feature complementarity in this paper.
The proposed approach, named feature selection with AUC-based Variable Complementarity (AVC), uses the technique of ROC analysis to assess the relevance of features with the target class. Moreover, it exploits the information of the instances misclassified by the single feature classifiers based on the ROC curve to analyze the complementarity of features. Apparently, when taking an individual feature as the observation dimension, more or less instances will be misclassified. Thus, we lay the emphasis on the common misclassified instances for two features when evaluating their complementarity for classification. One nearest neighbor from different class (nearest miss) for each common misclassified instance is found out with respect to each feature. Then, two Manhattan distances for each common misclassified instance to its two nearest misses are compared, and the larger one is adopted to calculate the complementarity of the features. It should be pointed out that such technology of analyzing the nearest neighbors is also adopted by some state-of-the-art feature selection methods, such as ReliefF [23] , LLBFS [11] , nnFRFS [24] , etc. Intuitively, we average these Manhattan distances for all the common misclassified instances and exploit them as two features' complementarity. The instances misclassified by both features are focused on to lay stress on their influences on the accuracies of the classifiers. And the impacts of the instances that can be classified correctly by both features are reduced, because these instances provide little valuable information for recognizing the target class. In addition, we use the greedy sequential forward search approach to find the optimal feature subset, in which classes are maximally separated from each other. This issue is critical for enhancing the global discriminative performance of the selected feature subset. We compare our approach with four state-of-the-art feature selection approaches, that is, three popular approaches based on the ROC curve, FAST, ARCO and FROC, and one well-known approach ReliefF. The experimental results on a broad range of the microarray data sets show that our approach can effectively select small feature subsets, and the performance of the classifiers built on these subsets is obviously improved.
Methods
A complicated problem in the ROC-based feature selection methods mentioned above is that the feature subsets selected by the existing methods cannot promise the global optimal performance for recognizing the target classes. To overcome this problem, we present a new feature selection method based on the AUC and variable (feature) complementarity analysis, which is called as feature selection with AUC-based Variable Complementarity (AVC). AVC combines the feature relevance and feature complementarity by making the best use of the non-parametric property of AUC. In this section, we describe AVC on the binary-class problem first, and then extend it to the multi-class problem.
Before pinning down the method, some notions are lists as follows:
• X: the set of the instances, containing n instances
, and x ij is the instance x i 's observation value on the feature f j .
• C: the set of the classes, including q classes C = {c 1 . . . , c q } ∈ IR n×q .
• n 0 , n 1 : the number of the positive instances and the negative instances in the data set. Note that n = n 0 + n 1 .
ROC curve
ROC curve was first used in signal detection theory to represent the tradeoff between the hit rates and false alarm rates. It has been extensively studied and applied in medical diagnosis and evaluation of machine learning algorithms [18] . ROC curves are two-dimensional graphs in which true positive rate (TPR) is plotted on the Yaxis and false positive rate (FPR) is plotted on the X-axis. The good performance of a classifier is reflected by an ROC curve which lies in the upper left triangle of the square. AUC provides a value description for the performance of the ROC curve. AUC is a portion of the area of the unit square, so its value will always between 0 and 1, and usually larger than 0.5 [25] . Due to its several nice properties, AUC has been used in feature selection for microarray analysis. Firstly, AUC is insensitive to the costs unknown problem, because it focuses on the comparison of the distributions of two classes. Secondly, AUC can be used to reflect how well the feature differentiates between the distributions of two classes. Thirdly, AUC is a nonparametric measure index, which is obtained by counting the TPR and FPR of the given samples. So it is appropriate to class imbalanced and costs unknown problems especially in bioinformatics. Besides, the AUC measure of performance is closely related to the Gini coefficient [26] , which is most commonly defined as twice the area between the ROC curve and the diagonal (Gini + 1 = 2 × AUC). Consider a binary classification problem with n instances and m features. To generate the ROC curve of a classifier, the classifier gives every instance an estimated probabilityp, that represents the degree to which an instance is a member of a class. There is a threshold t and the instances whosep are larger than t are predicted as positive class and others are predicted as negative class. For a fixed threshold t, there is a point (FPR, TPR) in ROC space. If we vary t from 0 to 1, and calculate TPR and FPR at each t, we can get the ROC curve of the classifier. To computing AUC, a direct method is to measure the area by applying a rectangle or trapezoid area on each point. But this is too complex and costly. Hand, et al. [26] has proposed a simple method to compute the AUC. In this method, the instances are sorted in increasing order according to theirp. And the AUC is calculated according to the Eq. (1):
where r i is the rank of the ith positive instance in the ranked list, and n 0 and n 1 are the numbers of the positive and negative instances. This method shows that AUC is equivalent to the probability that a randomly chosen positive instance will have a higher estimated probability of belonging to the positive class than a randomly chosen negative instance.
In the cases of multi-class classification problems, there have been many extensions to the multi-class AUC such as the average weighted AUC [27] and the volume under the ROC surface [28] . A simple generalisation formulation of AUC for multi-class classification problems was proposed in [26] . It has been widely used to evaluate the performance of classifiers [29] . MAUC directly divides a multi-class problem with q classes into
binary-class sub-problems. AUC of a binary-class sub-problem with the ith and jth class are represented by AUC ij and AUC ji . They are calculated by Eq. (1) with the ith and jth class seen as positive class respectively. MAUC is calculated according to the Eq. (2):
In the feature selection problem, when a method uses AUC as the metric to evaluate the relevance between a feature and target class, the instances' values for this feature are viewed as the output of a classifier which is equivalent top. If a feature is irrelevant to the target class, its AUC is close to 0.5, and if a feature is highly relevant to the target class, its AUC is closer to 1. We use AUC(f i ) for binaryclass problem and MAUC(f i ) for multi-class problem to represent the AUC of feature f i in this paper.
Binary-class problem
In feature selection, a single feature's predictive power can be ascertained according to this feature's classification performance taken individually as a classifier [30] . The single feature classifier built by feature f j can choose a proper threshold θ. If x ij ≥ θ, x i is classified into the positive class. And if x ij < θ, x i is classified into the negative class. This critical parameter θ can be determined in terms of some metrics, such as AUC, classification accuracy, etc. In this paper, AUC is used to measure features' predictive power which is superior in the evaluation of imbalanced and cost-sensitive data.
Similar with ARCO, we also employ the AUC of a single feature as the relevance metric. Instances are ranked according to their observation values on feature f i . And then, AUC(f i ) is calculated with Eq. (1). Figure 1 shows an example of the microarray data set Colon [2] for further illustrating the characteristic of AUC. We can observe from Fig. 1 (a) that, when θ = 0.18, a majority of instances can be correctly divided into two classes on the gene R87126. In Fig. 1 (b) , only about half of instances can be correctly divided into two classes on the gene U33429. Even though when θ = 0.3, the maximal classification accuracy obtained by the gene U33429 as a single feature classifier is equal to 0.6. Correspondingly, we can calculate the AUCs of two features by Eq. (1) as AUC(f i ) = 0.884 and AUC(f i ) =0.5. Considering the existing feature selection methods based-on ROC curve, the larger the AUC(f i ) is, the more relevant feature f i is with the target class. Thus, we can assume that gene R87126 is more relevant than gene U33429.
Using AUC as the criterion to measure the relevance of features and target class can find the most significant features to discriminate the given classes, but these features are sometimes too redundant to be inputted to a classifier. Different from the existing ROC-based feature selection methods which reduce feature redundancy, our approach AVC analyzes features' complementarity, which denotes the joint classification information provided by features. It is more or less than the sum of the information taken by features individually. Our aim is to find out the most complementary features that jointly provide maximal classification information [22] .
In order to show the importance of feature complementarity, we take Fig. 2 (e) to (h), respectively. Note that both classes have the same number of instances and submit to the Gaussian distributions with equal covariance. It can be observed that when projecting the instances to different pairwise features, the class distributions are rather different. In Fig. 2 (a) , the distributions of the two classes overlap between each other. It means that a majority of the instances belonging to the two classes cannot be correctly recognized in the subspace constructed by feature f 1 and f 2 . In Fig. 2 (b) , the class conditional distributions have a high covariance in the direction of the line of the two class centers. We can see that classes also cannot be separated in the subspace of feature f 3 and f 4 . Compared with Fig. 2 (a) and (b), (c) shows a special case, that is, one feature has completely overlapping class distributions. It means that neither feature f 5 nor feature f 6 can scatter two classes individually. Yet all the instances can be correctly classified in the subspace collaboratively constructed by f 5 and f 6 . Another special case is given in Fig. 2 (d) , in which two classes overlap perfectly no matter projected on feature f 7 or feature f 8 . Similar with the case in Fig. 2 (c), they can be separated perfectly in the subspace of the two features. Thus, we can draw the conclusion from the subfigures (c) and (d) that, two individually inferior features can be superior when combined together. The histograms in Fig. 2 (e) to (h) also exhibit this property as in Fig. 2 It is critical to analyze the data distributions on pairwise features to evaluate the complementarity between them. As aforementioned, a feature's AUC indicates the distribution of the positive class and negative class on this feature dimension. If all the positive class instances rank higher than the negative class instances, AUC will be equal to 1, which means that all the instances can be correctly classified into two classes. If a feature's AUC is smaller than 1, it implies that more or less instances will be misclassified by this single feature classifier. For a data set with n instances, there exist n 0 × n 1 instance pairs, in which a positive instance and a negative instance are simultaneously included. The special pairs in which the positive instances are ranked higher than the negative ones are drawn attentions from AUC. AUC actually denotes the ratio of these special pairs out of all the instance pairs. In the pair of instances that positive class instance ranked lower than the negative class instance, there must be a misclassified instance. We focus on the distribution of these misclassified cases under the different combination of features to find out the features which have the maximal complementarity of classification capability such as the features in Fig. 2 (c) and (d). The basic idea is, if the instances from different classes that are close to each other on one feature dimension are far apart on another feature dimension, the two features are regarded as complementary to each other. In order to find out such features, we introduce a new metric to evaluate the complementarity between two features. This metric is based on the similarity of instances inspired by the state-of-the-art feature selection method ReliefF [23] , which adopts the nearest neighbor rule to evaluate features. We use the nearest neighbor rule on the set of the misclassified instances according to the single feature classifiers to analyze the complementarity between two features. Specifically, the average Manhattan distance between the misclassified instances and their nearest neighbors from the other class (nearest miss) are exploited to represent the complementarity between two features.
We use the matrix H to represent the complementarity of the feature classification capability as follows:
where h ij is the complementarity between feature f i and f j , defined as:
where S is the intersection of instances misclassified by both feature f i and f j , and x k is an instance in S. I ik and I jk are x k 's nearest misses respectively obtained from the angle of features f i and f j , and dis(·, ·) is the Manhattan distance between the two involved variables.
To get the intersection S, we focus on the set of misclassified instances of each feature. All instances are ranked according to their values of feature f i and get the rank of instances {x r 1 , x r 2 , . . . , x r n }. Then we consider the percentage of instances from each class in the sequence {x r |n/2| , . . . , x r n } and define the class with larger percentage as the positive class. Clearly, we can simply classify the instances {x r 1 , x r 2 , . . . , x r n 1 } into the negative class and other instances into positive class. Then, we can easily distinguish the misclassified instances whose predictive information is inconsistent with the original one. For each instance x k in S, we find the nearest miss I ik from dimension f i and I jk from dimension f j . In the two-dimensional feature space, as shown in Fig. 3 , we calculate the Manhattan distance between two pairs of points (x k , I ik ) and (x k , I jk ), and use the larger one to compute the complementarity. If I ik and I jk are different instances as shown in Fig. 3 (a) , dis(x k , I ik ) is taken as the complementarity, which is denoted as the red solid line in the figure. If I ik and I jk are the same instance as shown in Fig. 3 (b) , the distance is not involved in complementarity. This implies that the two features provide little complementarity to each other in classifying instance x k .
In Eq. (4), the numerator of h ij is the sum of distances over the instances in the intersection S, whose nearest misses are different according to the two features. The denominator of h ij is the size of S. For any pair of strongly complementary features, the number of nonzero items in the numerator is equal or a little less than the size of S. But for the pair of features with weak complementarity, this number may much less than the size of S. Evidently, it is reasonable that h ij can be used to measure the complementarity between two features.
We illustrate the computation process of the complementarity by using a simple example data set in Fig. 4 (a) . The data set contains 16 instances, in which 8 instances belong to class "+1" and 8 instances to class "-1". Figure 4 (b) and (c) show the ranking results of these instances. In Fig. 4 (b) , the class "+1" is deemed as the positive class. Correspondingly, the class "-1" is deemed as the negative class. We classify the top-8 instances to class "+1", and classify the other 8 instances to class "-1". Then, we get the misclassified instances subset of f i as {x 1 , x 2 , x 3 , x 14 , x 15 , x 16 }. In Fig. 4 (c) , the class "-1" is taken as the positive one. So, the misclassified instances subset is obtained as {x 2 , x 6 , x 12 , x 13 }. The intersection S includes the only one instance x 2 , as shown in Fig. 4d . x 2 is an instance of class "+1". In Fig. 4 (b) , according to feature f i we can find the nearest neighbor of x 2 from (a) (b) Fig. 3 Illustration of the Manhattan distance measurement used in AVC. Given that x k is a misclassified instance in the intersection S. class "-1" is instance x 12 . In Fig. 4 (c), according to feature f j , the nearest neighbor of x 2 from the class "-1" is instance x 9 . The Manhattan distance between pairwise instances (x 2 , x 12 ) is "0.8", and the distance of (x 2 , x 9 ) is "0.12". It is obvious that the Manhattan distance between x 2 and x 12 is larger than that between x 2 and x 9 . So we use the distance dis(x 2 , x 12 ) to compute h ij for feature f i and f j . The procedure of AVC is illustrated in Algorithm 1. Directly, we employ an efficient heuristic search strategy to select optimal features with highest complementarities. We select the most significant feature with the maximal AUC at the initial state. Then we iteratively select the features which have the maximal complementarities with the features selected in the prior state. In line 16 in Algorithm 1, when searching the optimal feature in the current state, we use the sum value of two features' AUC as their complementarity weight. The purpose is that, for a certain feature, if there are more than one feature have the same complementarity with it, we prefer to the one with the maximal AUC value.
For the input data set containing n instances, the time complexity of calculating m features' AUCs of line 2 in Algorithm 1 is O(mnlogn). For lines 3 to 6, selecting the top-t * features costs O(t * logm) time. Then, for lines 7 to 10, calculating h ij for the t * features costs O((t * ) 2 ) time. To get the optimal feature set, it takes O(tt * logt * ) for lines 14 to 20 . Usually, the number of the candidate features t * and the number of the selected features t is much smaller than m and n. Therefore, the complexity of the method is approximately equal to O(mnlogn + t * logm).
Multi-class problem
Our approach AVC can deal with not only the binaryclass problem but also the multi-class problem. In this section, we use new strategies on the relevance analysis and complementarity analysis for the multi-class problem, which are different from those adopted in the binary-class problem. 4: find f k with maximal AUC(f k );
Algorithm 1 AVC algorithm

5:
F = F {f k }, F = F/{f k }; 6: end for; 7: for i = 1 to t * do, 8: for j = 1 to t * do, 9: calculate h ij for each pair of features f i and f j in F with Eq. (4); 10: end for 11: end for; 12: find f * 1 in F with maximal AUC(f * 1 ); 13: F * = F * {f * 1 }, F = F /{f * 1 }; 14: for i = 2 to t do, 15: for j = 1 to t * do, 16: calculate 17: end for 18: find f * i with maximal E (i−1)j ; 19 : As to the relevance analysis, we use MAUC to measure the relevance between features and target class. As a metric to measure the performance of classifiers, MAUC in Eq. (2) is the average AUC over all sub-problems that consist of pairwise classes. So in AVC, a multi-class problem is also divided into a batch of binary-class sub-problems in one-versus-one manner, in which each sub-problem consists of a pair of classes. A multi-class problem with q classes can be divided into
binary sub-problems. We use the same way as the binary-class problem to calculate the MAUC of features with Eq. (2).
In the complementarity analysis, we should get the misclassified instances by each feature. For each feature, it corresponds to a misclassified instance set for each binary-class sub-problem. We use BS ab (f i ) to represent the misclassified instance set of feature f i in a binaryclass sub-problem with respect to the ath class and the bth class. And we define the union of a feature's misclassified instances sets in all binary-class sub-problems as the global misclassified instances set, which is represent by Eq. (5):
For each pair of features f i and f j , the intersection S is defined as S = MS(f i ) MS(f j ). Same as the binary-class problem, for each instance x k in S, we find the nearest miss I ik from feature f i and I jk from feature f j . Note that we only use the nearest one no matter which class it belongs to. If we use the nearest neighbors from every other classes, such as the ReliefF method, it may bring some useless information to the complementarity analysis. Suppose that some nearest misses of x k have large distances f i , they may make little contributions to the analysis of the complementarity. In order to find the features with the optimal complementarity, we only pay attention to the nearest neighbor from the closest different class.
For the input multi-class data set with n instances characterized by m features and classified to q classes, the time complexity of calculating m features' MAUC is O(q 2 mnlogn), corresponding to line 2 in Algorithm 1. Since the other steps have the same computational complexity as the binary-class problem, the complexity of our method for multi-class problem is O(q 2 mnlogn + t * logm).
Results and discussion
Benchmark data sets
We use 13 publicly available microarray data sets to evaluate the performance of the selected features, as shown in Table 1 . These data sets are widely used in the studies of gene selection problems [31] [32] [33] . 
Comparisons with the state-of-the-art methods FAST
FAST [16] is a feature selection method for small samples and imbalanced data classification problems. It directly calculates the AUC of each feature by plotting the ROC curve and summing up the area under it. For small samples data, in order to avoid the redundant thresholds, FAST divides instances into K bins according to instances' values and fixes the number of instances to fall in each bin. Then, the mean of instances in each bin is used as the threshold to get the point (FPR, TPR) on the ROC curve. After ranking the features according to their AUCs in descending order, the top-k features are selected. Although FAST can perform well for some microarray data sets on SVM and 1-NN classifiers, the computation process of AUC is complex and imprecise. Besides, FAST does not take into account the redundancy in the feature set. FAST can find the most significant features to discriminate given two classes, however, the selected features are sometimes too redundant. And previous studies have emphasized that considering both relevance and redundancy in the feature selection procedure leads to better feature subset in most cases [19] .
ARCO
For overcoming the problems in the FAST feature selection method, Wang et al. [19] proposed ARCO feature selection method. ARCO uses Eq. (1) 
where d i is the difference between an instance x i 's ranks on two features, and n is the number of instances.
To select k features from the whole feature set whose size is m, ARCO starts from the feature with the largest AUC. It iteratively evaluates every previously unselected feature f i with Eq. (7), and selects the feature with the largest value of E(f i ):
where AUC(f i ) is the AUC when taking the single feature f i as a classifier, S is the current selected feature subset, and |S| is its cardinality. In every iteration, AROC selects the feature with the smallest redundancy to the features in the subset. The redundancy is represented by the RCC, which mainly shows the different positions of instances on the two features' ranking sequences. For two features, the large the difference is, the small the redundancy is. Consider an extreme situation, two features can both classify all instances from two classes. On one feature, the values of instances from one class are all larger than instances from the other class, but on the other feature these values are smaller than the others. We can see that ranks of the instances are totally different on the two features, so the RCC of them indicates that they are not redundant. But to build a classifier, any one of them is enough to separate all instances. So sometimes ARCO cannot exactly recognize the redundant features. And it is necessary to differentiate the correctly classified and misclassified instances by each feature.
FROC
Another feature selection method based on ROC analysis is FROC [21] , which is developed to overcome the redundancy problem in small samples microarray data sets. This method also has two steps. The first step is a one-gene-ata-time filtering which uses the ROC curve as a criterion to evaluate the relevance of features to the target class. Different from ARCO, FROC chooses to calculate the area between the ROC curve and the diagonal line (ARD), which is equal to AUC − 0.5. Instances are also sorted in 
where n 0 and n 1 are the numbers of positive and negative instances respectively, and q i is the rank of the ith negative instance. All features are sorted by the ARD(f i ) of feature f i in descending order and the top of the sorted features are chosen as a candidate feature set. The second step in FROC is a ROC-curve-based Markov blanket filtering. This step removes the redundant features using the definition of Markov blanket that if M i is a Markov blanket of f i , the probabilistic distribution P of classes is invariant under no matter what value f i takes:
FROC uses the area between the ROC curves (ABR) to measure the redundancy of two features. For example, ABR of two features is the gray area in Fig. 5 . The smaller the ABR is, the more redundant the two features are. FROC iteratively removes the redundant features from the candidate feature set selected in the first step.
In [21] , the author argued that it is not able to find an exact Markov blanket of a given feature. The alternative method is to find an approximation to Markov blanket of the feature. This may cause a problem that after finding out the redundant features, removing different features may bring different influence to the combination of features in subset when building the classifier. To overcome this problem, the analysis on the complementarity of feature classification capability maybe a feasible choice.
Experimental settings
The efficacy of our new method AVC was empirically evaluated by comparing it to four state-of-the-art feature selection methods. Three methods, FAST, ARCO and FROC, are all based on the ROC curve and AUC. These three methods are all particularly designed for the binaryclass classification problems. So in our experiments, we extend them to solve the multi-class classification problems with the same strategy as our method. That is, for the multi-class problem, the MAUC of features will be computed by Eq. (2). The fourth method is ReliefF, which has been widely used as the compared algorithm that uses the criterion of preserving sample similarity [34] . We compare the performance on four widely used classifiers to test the robustness of the five methods. The classifiers are Naive Bayes, Support Vector Machine (SVM), 1-Nearest Neighbor (1-NN) and C4.5 Decision Tree. Due to the small number of instances in these microarray data sets, we use 10-fold cross-validation to evaluate the classification performance of the classifiers. Fig. 6 Averaged BER on binary-class data sets. Averaged BER value of the four classifiers on the six binary-class data sets using four classifiers. We choose 17 feature subsets with increasing number of features Fig. 7 Averaged AUC on binary-class data sets. Averaged AUC value of the four classifiers on six binary-class data sets using four classifiers. We choose 17 feature subsets with increasing number of features We perform our comparisons in two sub-experiments. In the first sub-experiment, we compare four feature weighting methods, i.e., AVC, FAST, ARCO and ReliefF. These methods select features according to their weights, so we evaluate their classification performance in the condition of increasing the number of features. In the second sub-experiment, we evaluate their classification performance in the condition of fixing the number of features determined by FROC. FROC is a method which selects a feature subset rather than evaluating features individually, so we fix the number of features to the size of the feature subset selected by FROC.
To avoid the influence of the imbalanced class issue on the classification accuracy, we choose the balance error rate (BER) metric [16] to evaluate the performance of the classifiers on both classes for the binary-class problem, which is defined as follows:
where FP, TP, FN, and TN are respectively the false positive, the true positive, the false negative, and the true negative. If the classes are balanced, BER is equal to the global error rate. For the multi-class problem, BER can be computed as follows:
where n l is the number of the instances in the class c l , and n f l is the number of the misclassified instances in c l .
Another evaluation statistic commonly used on microarray data sets is the area under the ROC (AUC). This statistic is similar in nature to the BER in that it weights errors differently on the classes. Then, we explore the Wilcoxon signed-rank test to compare AVC with the other three methods, and the significance level is set to 0.05. We used the well-known WEKA software package [35] as our experiments' platform. Our method and other compared methods are all implemented at this platform. For FAST and ReliefF, we select the top-100 features as the final feature subset. For ARCO and our method, we select the top-200 features as the candidate feature subset, and select the top-100 features as the final feature subset. For FROC, we also select the top-200 features as the candidate feature subset and the final feature subset is selected from these features. In ReliefF, every instance is used to update the weights of features and for every instance we find ten nearest neighbors from both the same class and the different classes.
Experimental analysis
The classification performance is illustrated in Figs. 6, 7, 8 and 9. For the binary-class classification problems, we test across the six binary-class data sets shown in Table 1 , which are COL, CNS, LEK, OVA, GLI and BRC. We examine 17 groups of features with different size in each Fig. 8 Averaged BER on multi-class data sets. Averaged BER value of the four classifiers on seven multi-class data sets using four classifiers. We choose 20 feature subsets with increasing number of features Fig. 9 Averaged MAUC on multi-class data sets. Averaged BER value of the four classifiers on seven multi-class data sets using four classifiers. We choose 20 feature subsets with increasing number of features test. When the size is smaller than 10, we add a feature every time. After the size is larger than 10, we add five features every time until the size is equal to 50. Then the averaged performance of each classifier with each data set is calculated. Figures 6 shows the BER scores for the six binary-class data sets with respect to the four classifiers. We also use AUC to evaluate the classifiers on test data. Figure 7 shows the AUC scores averaged over the six binary-class data sets with four chosen classifiers. For the multi-class classification problems, we experiment on the seven multi-class data sets in Table 1 , i.e., LYM, ALL, CAR, BR5, CLL, MLL and LUN. We examine 20 groups of features with different size in each test, and every time we add 5 features. Same as the binary-class classification problems, we also use the BER and AUC to measure the performance of classifiers. Figure 8 shows the BER scores for the seven multi-class data sets with four classifiers and Fig. 9 shows the MAUC scores averaged over these seven multi-class data sets.
The average results in Figs. 6 and 7 for binary class classification problem demonstrate that AVC significantly outperforms the other compared methods. The features selected by AVC reach the best performance with less than 15 features, which are much smaller than the number of the features selected by other three feature selection methods. And with more than 15 features, although AVC features do not improve the BER metric or AUC metric of the classifiers, its performance is still better than the three compared feature selection methods. Our method is based on the analysis of the ROC and AUC, so it is reasonable to believe that a learning method using AVC-selected features would also maximize the AUC.
The average results in Figs. 8 and 9 for multi-class classification problems show that AVC features also performe well when the size of feature subset is small. When using the Naive Bayes classifier, SVM classifier and 1-Nearest Neighbor classifiers, with less than 35 features AVC performs better than the other three feature selection methods. With more than 35 features, the differences between AVC and the other compared algorithms are not significant. When using the C4.5 Decision Tree classifier, feature subsets selected by different methods perform much different. The feature subsets selected by AVC get the best performance when their size is about 50, which is better than other three methods for all 20 different sizes of feature subsets. Table 2 shows the minimal BER of the four classifiers with top-100 features on the benchmark data sets. In Table 2 , we can see that AVC can get the minimal BER in a majority of the situations. Table 3 shows the size of feature subsets selected by four methods when four classifiers get the minimal BER with top-100 features. We can see that, AVC is capable of choosing a smaller size of feature subset than other three feature selection methods for the binary-class problem. But for the multi-class problem, it is hard to say AVC can always choose the minimal size of the features. These may mainly because of the influence of the well-known "siren pitfall" in scoring methods for multi-class problem, which is common to featurescoring methods which focus on selecting the top scoring features [36] . Figure 10 presents the results of the Wilcoxon signedrank tests on 17 groups of the binary-class data sets, and Fig. 11 presents that for 20 groups of the multi-class data sets. In the figures, "win" indicates the number of the cases in which AVC is significantly better than the compared algorithms, "draw" indicates that AVC performs identically, and "lose" indicates that AVC performs worse. From the figures, we can observe that in a majority of the cases, AVC performs superior or comparable to the other methods. Figures 12 and 13 show the class distributions of the Colon cancer data and ALL-AML-4 data with the two best features selected by four methods, respectively. The classes in Figs. 12 (a) and 13 (a) are scattered and have little overlapping, which makes it easy to find the optimal boundaries between them. But in Figs. 12 (b) to (d) and 13 (b) to (d), instances from different classes are overlapping so that it is difficult to classify them by some certain boundaries. This may explain why our method can perform well with a small size of feature subsets. Table 4 shows the averaged BER and AUC of the four classifiers for the five feature selection methods. Note that the number of the selected features is determined by FROC, which can determine the number of the selected features. For example, FROC selected a feature subset from the Colon data set which includes 69 features. To compare the performance with other four methods, we fix the size of feature subset to 69. From Table 4 we can see that AVC is comparable or superior to the other compared methods.
Evaluation with LDA and Mclust
Some classifiers can account for the high correlations among features appropriately, such as LDA (Linear Discriminant Analysis) and Mclust (Model-based Clustering method). In this sub-experiment, we further evaluate the performance of AVC on this kind of classifiers.
We experiment across the thirteen data sets shown in Table 1 . We examine 20 groups of features with different sizes and increase the number of features from 5 to 100 in interval of 5. Figure 14 shows the averaged accuracy of the thirteen data sets. The blue line named as Top-k reflects the performance of the top-k features with maximal AUC. Features are sorted according to their AUC scores and the top-k features are selected without any redundancy reduction process. The red line reflects the performance of AVC. We can observe that AVC leads to higher accuracy in all the cases.
Besides, FAST is a feature selection approach which simply selects the top-k features with maximal AUCs. Generally speaking, as shown from Figs. 6, 7, 8, and 9, it is clear that FAST performs inferior to the other feature selection methods, which involve feature redundancy or complementarity analysis in their selection processes. Thus, we can draw the conclusion that reducing feature redundancy or improving feature complementarity conduces to better recognition performance. The feature selection methods exploiting these tricks outperform the top-k methods without any further evaluation strategies. This property still holds on the situations that the featurecorrelation-based classifiers are employed for measuring the discriminative performance of the selected features.
Conclusion
We propose a new feature selection method specific to the recognition problems in the microarray data sets. This method ranks the features according their relevance to the class label and the complementarity between each other. The ROC curve and the area under the ROC curve (AUC) are exploited to evaluate the relevance between a feature and the class label. Then the distribution of data on a pair of features is analyzed to measure the complementarity of the pair of features. Moreover, the greedy searching strategy is also implemented for finding out the predominant features.
The experiment results show that when the number of selected features is small, the features selected by our method can achieve a better classification performance compared with the state-of-the-art methods. Moreover, it is illustrated from the experiments that the reduced subspace constructed by our new method is suitable for the recognition task, in which the classes are mostly separated from each other and a significant boundary between classes can be easily found. 
